Karlsruhe Institute of Technology Hochschule

Université
‘ franco-allemande
Deutsch-Franzésische

Matti Schneider
Treating inelastic problems with the basic scheme

duction to FFT-based numerical methods for the homogenization of random materials

KIT — The Research University in the Helmholtz Association



- Université
In memoriam !.i'é‘;ﬁt‘iﬁ‘;?;‘;?,iim _N( T

Hochschule
Karlsruhe Institute of Technology

)
Prof. Dr. Wolfgang Seemann
31.3.1961 - 8.2.2022

14-18 March, 2022 Matti Schneider: Treating inelastic problems with the basic scheme Institute for Engineering Mechanics, KIT



Overview |

1. From inelasticity to elasticity

2. The nonlinear basic scheme

3. Gradient descent

14-18 March, 2022 Matti Schneider: Treating inelastic problems with the basic scheme

L

Université
franco-allemande
Deutsch-Franzosische
Hochschule
Karlsruhe Institute of Technology

Institute for Engineering Mechanics, KIT



- Université
Overview I ' oo ﬂ(

Hochschule
Karlsruhe Institute of Technology

1. From inelasticity to elasticity
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Linear elasticity

given:

ma cellQ

m stiffness C(x)
m strainée
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Linear elasticity E e\ {1

Hochschule
Karlsruhe Institute of Technology

given:

ma cellQ

m stiffness C(x)

m strainée

sought:

® u:Q — RY (periodic)

e = &+ Vu (compatibility)
o = C:¢ (material law)
dive = 0 (equilibrium)
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Linear elasticity E e\ {1

Hochschule
Karlsruhe Institute of Technology

given:

ma cellQ

m stiffness C(x)
m strainée

sought:
® u:Q — RY (periodic)

e = &+ V'u (compatibility)
o = C:¢ (material law)
dive = 0 (equilibrium)
output:
B g=(0)g

B =>0=C0CFt g
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Deutsch-Franzosische
Hochschule

Linear elasticity - beyond? Eﬁsﬁiﬁmam QAT

given:

ma cellQ

a stiffness C(x)

m strainée

sought:

® u:Q — RY (periodic)

e = &+ V'u (compatibility)
o = C:¢ (material law)
dive = 0 (equilibrium)
output:
B g=(0)g

B =>0=C0CF: ¢
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Inelasticity?

Universite

‘ franco-allemande
Deutsch-Franzésische
Hochschule B

Karlsruhe Institute of Technology

input:
® initial state

m strain history & : [fstart, fena] — Sym (d)
output:

m stress history o : [fstart, fena] = Sym (d)
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elasticity:

o = [l

14-18 March, 2022 Matti Schneider: Treating inelastic problems with the basic scheme Institute for Engineering Mechanics, KIT



Inelasticity? Y, e, T

Hochschule
Karlsruhe Institute of Technology

6 14-18 March, 2022 Matti Schneider: Treating inelastic problems with the basic scheme Institute for Engineering Mechanics, KIT



6

- - Université
Inelasticity? ! ' s ,N(

Hochschule
Karlsruhe Institute of Technology

inelasticity:
o = f(g’ Z)
0 gle,z,2)
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Example - vM plasticity

o = fl&2)
0 = gl&z2)

a = (8p’p)
m Hooke’s law

c=C:(e-¢")

m evolution

3 devo
e
PN 72 dev o]
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3 . 3 }
\/;Ildev ol<oyp), p=0, (\/;Ildev oll - Uy(p)]p =0
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Example - vM plasticity E e\ {1
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o = fl&2)
0 = gl&z2)

u z=(,p)
m Hooke’s law

c=C:(e-¢")

m evolution
3 devo
oerFe
PN 72 dev o]
) ) 3
p = max (0,19 +p (\/;Ildev all - Uy(p)D, p>0
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Linear elasticity - beyond? Eﬁsﬁiﬁmam QAT

given:

ma cellQ

a stiffness C(x)

m strainée

sought:

® u:Q — RY (periodic)

e = &+ V'u (compatibility)
o = C:¢ (material law)
dive = 0 (equilibrium)
output:
B g=(0)g

B =>0=C0CF: ¢
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Upscaling inelasticity sz:sﬁ;ﬁemm AT

given:

ma cellQ

m functions f(x, €,z) and g(x, &, 2, 2)
m strain history &(r)

m initial condition zo(x)
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Upscaling inelasticity E ﬂ( T
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given:

ma cellQ

m functions f(x, €,z) and g(x, &, 2, 2)

m strain history &(r)

m initial condition zo(x)

sought:

® u: OX[fstart, fena] = R (periodic) and z : O X [fstart, fena] = R

g = &+Vu (compatibility)

o = flxe&52) (material law)

0 = gl&272), z(x tstare) = 20(x) (internal evolution)
dive = 0 (equilibrium)
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Upscaling inelasticity E ﬂ( T

Hochschule
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given:

ma cellQ

m functions f(x, €,z) and g(x, &, 2, 2)

m strain history &(r)

m initial condition zo(x)

sought:

® u: OX[fstart, fena] = R (periodic) and z : O X [fstart, fena] = R

g = &+Vu (compatibility)

o = flxe&52) (material law)

0 = gl&272), z(x tstare) = 20(x) (internal evolution)
dive = 0 (equilibrium)

output:
u o(r) =(o(t.")g
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Upscaling inelasticity E ﬂ( T

D
Hochschule
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given:

ma cellQ

functions f(x, &, z) and g(x, &, z,2)

a strain history &(r)

m initial condition zo(x)

sought:

® QX [fstart, fena] = R? (periodic) and z : O X [fstart, fena] = R¥

e = €+Vu (compatibility)
o = flx,&72) (material law)
0 = gle,z,2), zx tstart) = 20(x) (internal evolution)
dive = 0 (equilibrium)
output:
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Upscaling inelasticity E AT

Karlsruhe Institute of Technology

given:

ma cellQ

m functions f(x, €,z) and g(x, &, z,2)

a strain history &(r)

m initial condition zy(x)

sought:

® 1 QX [fstart, fena] = R? (periodic) and z : O X [fstart, fena] = RX

o = f(x,e+Vu,z)
0 = g(&,2,2), z(x tstart) = 20(x) (internal evolution)
dive = 0 (equilibrium)
output:
B (1) ={o(t,"))
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Upscaling inelasticity E ﬂ( T
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given:

ma cellQ

m functions f(x, €,z) and g(x, &, z,2)

a strain history &(r)

m initial condition zy(x)

sought:

® 1 QX [fstart, fena] = R? (periodic) and z : O X [fstart, fena] = RX

0
0

div f(x, & + V'u, 2)
g(S, 27 Z)’ Z(x7 tstart) = ZO('X)

output:
u () =(o(t,")g
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Upscaling inelasticity E ﬂ( T
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given:

ma cellQ

m functions f(x, €,z) and g(x, &, z,2)

a strain history &(r)

m initial condition zy(x)

m time discretization tstare =19 <t < ... <ty = tend, .-,
Z(tne1) = (Zns1 = Zn)/ (taet — 1n)

sought (n — n + 1):

® u,, :Q — RY (periodic) and z,,; : Q — RX

0
0

din(x, én+l + VSun+1 5 Zn+l)
g(8n+1 s Zntls (Zn+1 - Zn)/(tn+l - tn))

output:

B 0y = <0-n+l>Q
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Fix time step, drop n + 1 E e\ {1
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sought:
m u:Q — RY (periodic) and z : Q — RK

0
0

div f(x, & + V'u, 2)
g(s’ 2, (Z - Zn)/(l‘n+1 - tn))
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Fix time step, drop n + 1 E e\ {1
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sought:
m u:Q — RY (periodic) and z : Q — RK

0
0

div f(x, & + V'u, 2)
g(s’ 2, (Z - Zn)/(l‘n+1 - tn))

a PDE in u (d unknowns) " non-local, sparse (after discretization)
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Fix time step, drop n + 1 E e\ {1
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Karlsruhe Institute of Technology

sought:
m u:Q — RY (periodic) and z : Q — RK

0
0

div f(x, & + V'u, 2)
g(s’ 2, (Z - Zn)/(l‘n+1 - tn))

a PDE in u (d unknowns) " non-local, sparse (after discretization)
m algebraic equation in z (K unknowns) ,” local

15 14-18 March, 2022 Matti Schneider: Treating inelastic problems with the basic scheme Institute for Engineering Mechanics, KIT



Deutsch-Franzosische
Hochschule

Option I: solve full system E e\

Karlsruhe Institute of Technology

sought:

m u:Q — RY (periodic) and z : Q — RK
0 = divf(x,e+ V'u,z)
0 = g(s’ 2, (Z - Zn)/(l‘n+1 - tn))

@ d + K unknowns (at x)

@ non-local, sparse (after discretization)
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Option II: eliminate 7 E e\ {1

Hochschule
Karlsruhe Institute of Technology

sought:
m u:Q — RY (periodic) and z : Q — RK

0
0

div f(x, & + V'u, 2)
g(s’ 2, (Z - Zn)/(l‘n+1 - tn))

m idea: write z as implicit function of &

z solves g(&,2,(z=zu)/(tis1 — 1)) =0 =  z=h,(e)
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Option II: eliminate 7 E e\ {1

Hochschule
Karlsruhe Institute of Technology

sought:
m u:Q — RY (periodic) and z : Q — RX

div f(x, & + Viu, hy,(g + Viu))
h, (€ + Viu)

2
I
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Option II: eliminate 7 E e\ {1

Hochschule
Karlsruhe Institute of Technology

sought:
m u:Q — RY (periodic) and z : Q — RK

div f(x, & + Viu, hy,(g + Viu))
h, (€ + Viu)

2
I

@ d unknowns (at x)
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Option II: eliminate 7 E e\ {1

Hochschule
Karlsruhe Institute of Technology

sought:
m u:Q — RY (periodic) and z : Q — RK

div f(x, & + Viu, hy,(g + Viu))
h, (€ + Viu)

2
I

@ d unknowns (at x)
m non-local, sparse (after discretization)
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Option Il: eliminate z

sought:
m u:Q — RY (periodic) and z : Q — RK

div f(x, & + Viu, hy,(g + Viu))
h, (€ + Viu)

2
I

® d unknowns (at x)
m non-local, sparse (after discretization)
m “static condensation”
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Option Il: eliminate z

sought:
m u:Q — RY (periodic) and z : Q — RX

div f(x, & + Viu, hy,(g + Viu))
h, (€ + Viu)

2
I
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Option II: eliminate 7 E e\ {1

Hochschule
Karlsruhe Institute of Technology

sought:
m u:Q — RY (periodic) and z : Q — RK

div f(x, & + Viu, hy,(g + Viu))
h, (€ + Viu)

2
I

m leads to a pseudo-elastic problem for u
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Option II: eliminate z Ewmm AT

sought:
® u:Q — RY (periodic) and z : Q — RX

div f(x, & + V'u, h, (& + Vu))
h, (€ + Viu)

2
I

a leads to a pseudo-elastic problem for u
m z obtained in post-processing
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Option II: eliminate E e\ {1

Hochschule
Karlsruhe Institute of Technology

sought:
m u:Q — RY (periodic) and z : Q — RK

div f(x, & + Viu, hy,(g + Viu))
h, (€ + Viu)

2
I

m leads to a pseudo-elastic problem for u
m z obtained in post-processing
m basis of user material routines
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Digression Part | E AT
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inelasticity " time steps

move from one time step to the next
eliminate the internal variables, update later
we are left with solving

div S(x, &+ Vu) =0
with an elastic “stress function" S

S(x, &) = f(x, & hu(8))
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2. The nonlinear basic scheme
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Linear elasticity E e\ {1
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given:

ma cellQ

m stiffness C(x)
m strainée

sought:
® u:Q — RY (periodic)

e = &+ V'u (compatibility)
o = C:¢ (material law)
dive = 0 (equilibrium)
output:
B g=(0)g

m=>0=C0CFt g
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Non-Linear elasticity E e\ {1

Hochschule
Karlsruhe Institute of Technology

given:

ma cellQ

a stress function S

m strainée

sought:

® u:Q — RY (periodic)

e = &+ Vu (compatibility)

o = S(x,e) (material law)
dive = 0 (equilibrium)
output:
B g=(0)g
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Lippmann-Schwinger reformulation !0 | ﬂ(

seek u: Q — R%:

= —div S(-, & + V'u)
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Lippmann-Schwinger reformulation !0| ﬂ( T

seek u: Q — R%:

div €° : (2 + V'u) = —div [S(-. &+ V'u) = € : (& + V')

u reference material C°
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Lippmann-Schwinger reformulation !0| ﬂ( T

seek u: Q — R%:

div C° : V'u = —div [S(&+ V'u) - C° : (£ + V')

u reference material C°
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Deutsch-Franzosische
Hochschule

Lippmann-Schwinger reformulation Exgx:::‘em QAT

Karlsruhe Institute of Technology

seek u: Q — R%:

div € : V'u = —div [S(-,8) - C° : ]

u reference material C°
m total strain € = ¢ + V¥u
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Deutsch-Franzosische
Hochschule

Lippmann-Schwinger reformulation Emﬁéﬁmm QAT

Karlsruhe Institute of Technology

seek u: Q — R%:
= -G'div [s(-,8) - " : ]
m reference material C°

m total straine =&+ Viu
a G =(divC®:Vv¥)!
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Deutsch-Franzosische
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Lippmann-Schwinger reformulation Emﬁéﬁmm QAT

Karlsruhe Institute of Technology

seek u: Q — R%:
V'u = -V'Gdiv [S(-8) - C° : g
m reference material C°

m total straine =&+ Viu
a G =(divC®:Vv¥)!
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Deutsch-Franzosische
Hochschule

Lippmann-Schwinger reformulation Emﬁéﬁmm QAT

Karlsruhe Institute of Technology

seek u: Q — R%:
E+V'u=2-V'Gdiv [S(,e) - C°: &
m reference material C°

m total straine =&+ Viu
a G =(divC®:Vv¥)!
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Deutsch-Franzosische
Hochschule

Lippmann-Schwinger reformulation Exgx:::‘em QAT

Karlsruhe Institute of Technology

seek u: Q — R%:
E+Vu=6-1"; [S(-,s)—@o :8]
m reference material C°

m total strain € = ¢ + V¥u
m M =Vv(div C° : V*)"ldiv
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Deutsch-Franzosische
Hochschule

Lippmann-Schwinger reformulation Exgx:::‘em QAT

Karlsruhe Institute of Technology

seek e : QO — Sym (d):
e=&-T": [S(-,s)—CO :8]
m reference material C°

m total strain € = ¢ + V¥u
m M =Vv(div C° : v*)~ldiv
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Nonlinear Lippmann-Schwinger equation !0 | ﬂ( T

seek e : QO — Sym (d):

e=&-T": [S(-,s)—CO :8]
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seek £+ 1 O — Sym (d):

=510 [S(-,sk) - 8"]
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Deutsch-Franzosische
Hochschule

Nonlinear basic scheme Em;mm ﬂ( 'l'

Karlsruhe Institute of Technology

seek £+ 1 O — Sym (d):

m conceived by Moulinec & Suquet

[H. Moulinec and P. Suquet, Comptes Rendus de I'’Académie des Sciences, 1994]

[H. Moulinec and P. Suquet, CMAME, 1998]

m works with any discretization
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Hochschule

Nonlinear basic scheme !0| AT
seek £+ 1 O — Sym (d):
&l =z-1": [S(-,s") - ek]

Questions:
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Hochschule

Nonlinear basic scheme !0| AT
seek £+ 1 O — Sym (d):
&l =z-1": [S(-,s") - ek]

Questions:
@ When does it converge?
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Deutsch-Franzosische
Hochschule

Nonlinear basic scheme Em;mm N( 'l'

seek £+ 1 O — Sym (d):
&l =z-1": [S(-,s") - ek]

Questions:
@ When does it converge?
m How to choose C°?
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3. Gradient descent
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Deutsch-Franzosische
Hochschule

Gradient descent E o onde ﬂ( 'I'

Karlsruhe Institute of Technology

Goal:

f(x) —> min /\y

xeX

Critical point eq.:

=

0

—
Vf(x)
Gradient descent:
K = k= VEK) 0

sk ... step size
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Deutsch-Franzosische
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Gradient descent E o onde ﬂ( 'I'

Karlsruhe Institute of Technology

Goal:

flx) — min

Critical point eq.:

0

VI (x)

Gradient descent:

K = k= VEK)

sk ... step size
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Karlsruhe Institute of Technology
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Gradient descent E o onde ﬂ( 'I'

Karlsruhe Institute of Technology
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Critical point eq.:

0
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sk ... step size
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Gradient descent E o onde ﬂ( 'I'

Karlsruhe Institute of Technology

Goal:

flx) — min

Critical point eq.:

0

VI (x)

Gradient descent:

K = k= VEK)

sk ... step size
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Projected gradient descent E ﬂ( T

Hochschule
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Goal:
f(X) — ng]\lgnx /\y
Critical point eq.:

x = Py(x — s Vf(x) <::i§5\\\

Gradient descent:

=

= Py - 5 V() A '

sk ... step size
7 = Py(y) realizes min,c4 |ly—z|
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Projected gradient descent E ﬂ( T
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Goal:
f(X) — ng]\lgnx /\y
Critical point eq.:

x = Py(x — s Vf(x) <::i§5\\\

Gradient descent:

=

= Py - 5 V() A

sk ... step size
7 = Py(y) realizes min,c4 |ly—z|
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Projected gradient descent E ﬂ( T

Hochschule
Karlsruhe Institute of Technology

Goal:
f(x) — min oy

xeACX A

Critical point eq.:
X = Pa(x — s VF(x)) s > X

Gradient descent:

= Py - 5 V() A

sk ... step size
7 = Py(y) realizes min,c4 |ly—z|
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Projected gradient descent E ﬂ( T

Hochschule

Karlsruhe Institute of Technology

Goal:

X) — min
f( ) XeACX

Critical point eq.:

X = Pa(x — s VF(x))

Gradient descent:

K= Py = sFVF(K))

sk ... step size
7 = Py(y) realizes min,c4 |ly—z|
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Application to hyperelasticity E

Karlsruhe Institute of Technology

m X contains € : Q — Sym (d) with inner product
(e1,82)12 = &1 1 &2)9

u f(e) = (w(, &), for elastic energy, S = dw/de
m constraint set

A= {a |e=2+V'u for some periodic u:Q — Rd}
m any critical point of f(g) — min,c4 satisfies
diV S(',g) = O

for some u with € = € + V¥u
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Projected gradient descent?

A= Py =54 V()

m V(x) =?
a PA =?
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Gradient?
implicit characterization:
d
(VF(x),v)x = d—f(x +5V) forall v
A)

s=0

our case:

f(&) =w(-8)g
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Gradient?
implicit characterization:

forall v

d
(Vf(x),v)x = gf(x + V)

s=0
our case:

1

f(8)=@ o

(x, &) dx
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Gradient?
implicit characterization:

forall v

d
(Vf(x),v)x = gf(x + V)

s=0

our case:

1
fle+sé) = @fg wix, e +s&)dx
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implicit characterization:

forall v

d
(Vf(x),v)x = gf(x + V)

s=0
our case:

d

=—— w(x, e+ 5&)dx
s=0 ds|Ol Jo ( ¢)

d
Tfe+58)

s=0
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Gradient?
implicit characterization:

forall v

d
(Vf(x),v)x = gf(x + V)

s=0

our case:

d
Tfe+58)

1 d
o @fQ gw(x,s+s.§)
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Gradient?
implicit characterization:

forall v

d
(Vf(x),v)x = gf(x + V)

s=0
our case:

d 1 ow
_f(8+S§)S=O=I_Q| o O

I (x,€) 1 Edx
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Gradient?
implicit characterization:

forall v

d
(Vf(x),v)x = gf(x + V)

s=0
our case:

1 ow

(Vf(e),6)p2 = ] . %

(x,€) : Edx
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- Université
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implicit characterization:

forall v

d
(Vf(x),v)x = gf(x + V)

s=0

our case:

! g L [P
|—Q|jQ‘Vf(8).§dx—|Q|L 68(x,8).§dx

30 14-18 March, 2022 Matti Schneider: Treating inelastic problems with the basic scheme Institute for Engineering Mechanics, KIT



Gradient?
implicit characterization:
d
(VF(x),v)x = d—f(x +5V) forall v
A)

s=0

our case:
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implicit characterization:
z=Ps(x) minimizes |x—-z|> among ze€A
our case:

&=Py(e) minimizes |[le—¢|7, among £€A
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Projector? E e\ {1
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implicit characterization:
z=Ps(x) minimizes |x—-z|> among ze€A
our case:

&+ V'u=Pu(e) minimizes |le—&— V'ull}, among &+V'ueA
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Projector? E e\ {1

Hochschule
Karlsruhe Institute of Technology

implicit characterization:
z=Ps(x) minimizes |x—-z|> among ze€A
our case:

&+ V'u=P4(e) minimizes |le—&— V'ull,, among u:Q — RY
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Projector? E e\ {1

Hochschule
Karlsruhe Institute of Technology

implicit characterization:

z=Py(x) minimizes |lx—zl> among ze€A
our case:

&+ V'u=P4(e) minimizes |le—&— V'ull,, among u:Q — RY
i.e.,

d ,
Zle-&-Viu+sv,| =0 foral v:Q—R?
ds s=0
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Projector? E e\ {1

Hochschule
Karlsruhe Institute of Technology

implicit characterization:

z=Py(x) minimizes |lx—zl> among ze€A
our case:

&+ V'u=P4(e) minimizes |le—&— V'ull,, among u:Q — RY
i.e.,

(6—&—V'u,-2V*v),, =0 forall v:Q— R?
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implicit characterization:

z=Py(x) minimizes |lx—zl> among ze€A
our case:

&+ V'u=P4(e) minimizes |le—&— V'ull,, among u:Q — RY
i.e.,

(e—&—V'u, V). =0 forall v:Q— R
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implicit characterization:

z=Py(x) minimizes |lx—zl> among ze€A
our case:

&+ V'u=P4(e) minimizes |le—&— V'ull,, among u:Q — RY
i.e.,

(6-&-V'u): Vv),=0 forall v:Q—R?
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Projector? E e\ {1

Hochschule
Karlsruhe Institute of Technology

implicit characterization:

z=Py(x) minimizes |lx—zl> among ze€A
our case:

&+ V'u=P4(e) minimizes |le—&— V'ull,, among u:Q — RY
i.e.,

—(div(s—&-V'u)-v)p=0 forall v:Q—R?
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Hochschule
Karlsruhe Institute of Technology

implicit characterization:
z=Ps(x) minimizes |x—-z|> among ze€A
our case:

&+ V'u=P4(e) minimizes |le—&— V'ull,, among u:Q — RY
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Projector? E e\ {1

Hochschule
Karlsruhe Institute of Technology

implicit characterization:

z=Py(x) minimizes |lx—zl> among ze€A
our case:

&+ V'u=P4(e) minimizes |le—&— V'ull,, among u:Q — RY
i.e.,

div Viu = div (e — &)
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Projector? E e\ {1
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Karlsruhe Institute of Technology

implicit characterization:

z=Py(x) minimizes |lx—zl> among ze€A
our case:

&+ V'u=P4(e) minimizes |le—&— V'ull,, among u:Q — RY
i.e.,

div Vou = div &
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Projector? E e\ {1

Hochschule
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implicit characterization:

z=Py(x) minimizes |lx—zl> among ze€A
our case:

&+ V'u=P4(e) minimizes |le—&— V'ull,, among u:Q — RY
i.e.,

u=(divv®) 'dive

14-18 March, 2022 Matti Schneider: Treating inelastic problems with the basic scheme Institute for Engineering Mechanics, KIT



Projector? E e\ {1
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Karlsruhe Institute of Technology

implicit characterization:
z=Ps(x) minimizes |x—-z|> among ze€A
our case:

&+ V¥ (div V) 1 div & = Pa(e)
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Projector? E e\ {1
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implicit characterization:
z=Ps(x) minimizes |x—-z|> among ze€A
our case:

Pae) =&+l :e with =V (divV*) 'div.
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Projected gradient descent?

8k+1 - PA(Sk _ Sk Vf(Sk))

w Vf(e)=?
m Pule)=?
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Deutsch-Franzosische
Hochschule

Projected gradient descent? !0 | o e N

Karlsruhe Institute of Technology

B Pule)=&+T :ewith T =V (div v*) ' div
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Projected gradient descent?

0 !
g op, (8k _ _W(.,gk))
Oe

w Vf(e) = 2%( )
B Pule)=&+T :ewith T =V (div v*) ' div
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Projected gradient descent?

B Pule)=&+T :ewith T =V (div v*) ' div
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Projected gradient descent? !0| ﬂ( T

Karlsruhe Institute of Technology

=g+ =5 =—=(, €] with =V (divV*) " div
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Hochschule

Projected gradient descent? !0| ﬂ( T

Karlsruhe Institute of Technology

1, 8 ,
& =z st :(—k & — —W(~,g’<)) with T = V* (div v*)™" div
s Oe
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Hochschule

Projected gradient descent? !0| ﬂ( T

Karlsruhe Institute of Technology

8 1 . ,
& o p o[ 26 - — &) with T =V (div v¥) " div
Oe sk
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Projected gradient descent? !0| ﬂ( T

8 1 . ,
& o p o[ 26 - — &) with T =V (div v¥) " div
Oe sk

m suppose s¢ = s°

m define C° = % Id
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Deutsch-Franzosische
Hochschule

Projected gradient descent? E%Xi:-ﬁemm AT

Karlsruhe Institute of Technology

0 1 ) .
&g [ D — — | with = v (div V) div
Oe sk
m suppose s¢ = s°
u define C° = 5 1d
m associated ¥ = s°T
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Deutsch-Franzosische
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Projected gradient descent? E%Xi:-ﬁemm AT

Karlsruhe Institute of Technology

8 1 . ,
& o p o[ 26 - — &) with T =V (div v¥) " div
Oe sk

m suppose s¢ = s°

u define C° = 5 1d

m associated ¥ = s°T
m write S = dw/de
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Projected gradient descent? E%Xi:-ﬁemm AT

Karlsruhe Institute of Technology

d
& oz - :(6—W(-,gk) —C°: sk) with T = V* (div V)™ div
E

m suppose s¢ = s°

u define C= 5 Id

m associated ¥ = s°T
m write S = dw/de
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Projected gradient descent? !0| ﬂ( T

Hochschule
Karlsruhe Institute of Technology

ow

P P S i
de

(. e-°: gk) with = V* (div v*)"' div

suppose s* = 5°

define C° = % Id
associated [* = s°T
write S = ow/de
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Projected gradient descent? !0| ﬂ( T

Hochschule
Karlsruhe Institute of Technology

=0 (S(,6) - C": ") with T =V (div V)" div

suppose s* = 5°

define C° = % Id
associated 0 = s°T
write S = ow/de
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Projected gradient descent! E ﬂ( T

=10 :(S(-,sk) - sk)

a hyperelastic basic scheme = projected gradient descent

[M. Kabel, T. Bohlke, MS, Comput Mech, 2014]
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So what?

g =z-10 :(S(',sk) - sk)

a reference material = inverse step size

1

0
C 0

Id
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So what?

g =z-10 :(S(',sk) - sk)

a reference material = inverse step size

C'=-1d

a s° large = instability
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44

9 Université

So what? Pl
Deutsch-Franzésische
Hochschule BN

Karlsruhe Institute of Technology

g =z-10 :(S(-,sk) - sk)

a reference material = inverse step size

a s° large = instability
a s° small = f(e") < f(¢") (unless critical)
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So what? Pl
Deutsch-Franzésische =
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Karlsruhe Institute of Technology

g =z-10 :(S(-,sk) - sk)

a import knowledge from optimization, e.g., on convergence

/' [MS, CMAME, 2017]
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g =z-10° :(S(-,sk) - ek)

@ «,-Lipschitz condition
IS(x,é1)=S(x, &) < ey |61 =&l forall xeQ and &,& € Sym(d)
® monotone S (convex w)

(S(x, &) = S(x,&)) 1 (61— &) =0 forall xeQ and &,& € Sym(d)
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So what? E S, AT

Karlsruhe Institute of Technology

g =z-10° :(S(-,sk) - ek)

@ «,-Lipschitz condition
IS(x, &1)=S(x, &) < ay liE1 &Il forall xe Q@ and &,& € Sym(d)
® monotone S (convex w)
(S, &1) = S(x, &) 1 (61 —&) =20 forall xeQ and ¢&,& € Sym(d)
m choose C° = @, 1d and obtain logarithmic convergence

2 . 0 _ o2
f(sk) _ mlnf(g*) < a ”g &€ ”
k+4
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9 Université
So what? Pl
Deutsch-Franzésische =

Hochsehule Karlsruhe Institute of Technology
g =z-10° :(S(-,sk) - ek)

@ «,-Lipschitz condition
IS(x,é1)=S(x, &) < ey |61 =&l forall xeQ and &,& € Sym(d)
m strongly @_-monotone S (strongly «_-convex w)

(S(r,&1) = S5, &) = (61 - &) 2 a_|lé - &IF forall xe Q,6,& € Sym(d)
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9 Université
So what? Pl
Deutsch-Franzésische =
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Karlsruhe Institute of Technology

g =z-10° :(S(-,sk) - ek)

@ «,-Lipschitz condition
IS(x, £1)=S(x, &)l < @, llE1 =&l forall xeQ and ¢&,& € Sym(d)
m strongly @_-monotone S (strongly «_-convex w)
(S(x, &) = S, &) (E1 — &) = a_|lE - &F forall xe Q,&,& € Sym (d)

m choose C° = (o, + @_)/2 1d and obtain linear convergence

, — @_
1! = &7,z < (+—) lle" = &l
[0

+ —

47 14-18 March, 2022 Matti Schneider: Treating inelastic problems with the basic scheme Institute for Engineering Mechanics, KIT



9 Université
So what? Pl
Deutsch-Franzésische =
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g =z-10° :(S(-,sk) - ek)

@ «,-Lipschitz condition
IS(x, £1)=S(x, &)l < @, llE1 =&l forall xeQ and ¢&,& € Sym(d)
m strongly @_-monotone S (strongly «_-convex w)
(S(x, &) = S, &) (E1 — &) = a_|lE - &F forall xe Q,&,& € Sym (d)

m choose C° = (o, + @_)/2 1d and obtain linear convergence

@, —a k+1
€4 — &Iz < (;) lle” — &I
+ _
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On the conditions E e\ {1
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mifSecCling

a,-Lipschitz < A<a, VYx,&VA€eEig (6 (, f))

a_-strongly convex < A>a_ Vx,éVA€Eig (6 (x f))
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mifSecCling

a,-Lipschitz < A<a, VYx,&VA€eEig (6 (, f))

a_-strongly convex < A>a. VYx,éYA€Eig (6 (x f))
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On the conditions E e\ {1

Hochschule
Karlsruhe Institute of Technology

mifSecCling

a,-Lipschitz < A<a, VYx,&VA€eEig (6 (, f))

a_-strongly convex < A>a. VYx,éYA€Eig (6 (x f))

® maximum/minimum slopes of algo
tangent
m estimated on-line

m theory does not cover
porosity/softening
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Digression Part llI E AT
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Karlsruhe Institute of Technology

m basic scheme = projected gradient descent

m provides intuition

m import insights from optimization, e.g., Nesterov’s book

m projected gradient descent ++ = basic scheme ++ (tomorrow)
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