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Microscopy images from Godehardt et al (2022) + a realization of a
random set model
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Random set at different length scales
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Variances scaling law. Boolean model of fibres in 2D.
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A general result gives a complete characterization of the Choquet
capacity for Boolean models :

T(K) = PIX n K # @} = 1 — e {IR@K]
where K = {—x|x € K}, and @ is the Minkowski addition :

Ro® K = {x|Kx 0 Ro # @} = | Rox

xeK

with Ky = {x + y|y € K}.
Example : take K = {x}, then :

p=T(K)=1- e tIR®K| _ 1 _ g—tab,
The value p represents the density of X.

Kc X e xe(XOK)exe (XaK) = U (R (B)DK}C
x~P(t),0 U(0,27)
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Boolean model of fibres in 2D. Covariance (b > h > a) :
C(h)=2p—1+ (1—p)>=kh

where :

k(h) = (K(h,0))ocosr = —

2 min{m/2,sin"!(a/h)}
J dOK(h,0)

0
is the mean covariogram and :

K(h,0) = max(0, b — hcos @) max(0,a — hsin0)

is the variogram of a rectangle of length a, b.
Mean covariogram (b > a) :

2 min{n/2,sin"!(a/h)}
k(h) = 71h<b\I\ df (b — hcosf)(a— hsinf)
T 0
2 7240 (b— hcosB)(a— hsind)  ifh<a
= —lp<p ¥ sin~1(a/h) . .
@ 5o df (b — hcosf)(a— hsin@) ifh>a
fb>»h>»a: )
kb ~ 210y
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Boolean model of fibres in 2D.

Covariance (b » h > a):

C(hy=2p—1+ (1—p)>*" = p? 4+ (1 p)? [(1 — p) KO 1]

M ~ (; — 1) [(1 _ p)*a/(hﬂ) _ 1]

= —log(1—p) </1)_1)hjr

Integral range : A, = +0
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Asymptotic expansion of the integral range. Integral computed on a disc
of radius L — o0 :

2
J aeap Y —p°
0</<L,0<0<2r p(1—p)

1
~ —2rlog(l — p) ( - 1) f ael
p o<e<t T

1
= —2alog(1—p)L ( - 1) .
p
Variance on a ball of radius L with a < L « b :

D*(S) = 221 p)log(1 — p) + o(1/1?) ~

—2a(1 — p)*log(1 — p)
VxS
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Boolean model of cylinders in 3D (Gille, 1989)

—2r0p) 2960 (1 — p)d if h — o0
(0 = [ (amBae [C() — p? ~ p 0BT P ' '
() ,[<;(7r ) [ ® p] {7@hlog(lfp)é’z. if 7 — oc.

DA ~ 4)(1—1‘):;103,(1—1)) +OW/0P,  (h=+o0), 771 - 2
Dav) ~ O p)log(1 = p) DA(V) ~ W (> h>r),
50 -
; 5 (1 — )2 _ 2
+!))11(1*17Z;;2g(1—17)] O ). DA(V) ~ w (1> h).
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Figure 6: Variance D]Z}(V) of the estimate of the volume fraction measured in a spherical domain
W vs. volume size V' of the domain, in log-log plot. The cylinders volume fration is fixed to

p = 1/2. Grey solid lines, bottom to top : (a) cylinders height h = 1, 10, 100, 10°, 10*, oo with
radius fixed to r = 1/2; (b) cylinders radius r = 1, 10, 100, 10%, oo with height fixed to h = 1.

Dotted lines in black: expansions (45).
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