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Training session

Microscopy images from Godehardt et al (2022) + a realization of a
random set model



Training session

Random set at different length scales



Training session
Variances scaling law. Boolean model of fibres in 2D.
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Training session
A general result gives a complete characterization of the Choquet
capacity for Boolean models :

T pK q “ PtX X K ‰ ∅u “ 1´ e´t|R0‘qK |

where qK “ t´x|x P Ku, and ‘ is the Minkowski addition :

R0 ‘ qK “ tx|Kx X R0 ‰ Hu “
ď

xPqK

R0x

with Kx “ tx ` y |y P Ku.
Example : take K “ txu, then :

p “ T pK q “ 1´ e´t|R0‘qK | “ 1´ e´tab.

The value p represents the density of X .

K Ă X c ô x P pX c a qK q ô x P pX ‘ qK qc “
ď

x„Pptq,θ Up0,2πq
tRx pθq‘ qKuc



Training session
Boolean model of fibres in 2D. Covariance (b " h " a) :

Cphq “ 2p ´ 1` p1´ pq2´kphq

where :

kphq “ xK ph, θqy0ďθďπ “
2
π

ż mintπ{2,sin´1
pa{hqu

0
dθK ph, θq

is the mean covariogram and :
K ph, θq “ maxp0, b ´ h cos θqmaxp0, a ´ h sin θq

is the variogram of a rectangle of length a, b.
Mean covariogram (b ą a) :

kphq “ 2
π

1hďb

ż mintπ{2,sin´1
pa{hqu

0
dθ pb ´ h cos θqpa ´ h sin θq

“
2
π

1hďb ˆ

#

şπ{2
0 dθ pb ´ h cos θqpa ´ h sin θq if h ď a

şsin´1
pa{hq

0 dθ pb ´ h cos θqpa ´ h sin θq if h ą a
If b " h " a :

kphq « a2b
πh 1hďb



Training session

Boolean model of fibres in 2D.

Covariance (b " h " a) :

Cphq “ 2p ´ 1` p1´ pq2´kphq “ p2 ` p1´ pq2
”

p1´ pq´kphq{kp0q ´ 1
ı

Cphq ´ p2

pp1´ pq «
ˆ

1
p ´ 1

˙

”

p1´ pq´a{phπq ´ 1
ı

“ ´ logp1´ pq
ˆ

1
p ´ 1

˙

a
hπ

Integral range : A2 “ `8
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Asymptotic expansion of the integral range. Integral computed on a disc
of radius L Ñ8 :

ż

0ď`ďL,0ďθď2π
d` `dθCp`q ´ p2

pp1´ pq

« ´2π logp1´ pq
ˆ

1
p ´ 1

˙
ż

0ď`ďL
d` a
π

“ ´2a logp1´ pqL
ˆ

1
p ´ 1

˙

.

Variance on a ball of radius L with a ! L ! b :

D2pSq “ ´ 2a
πL p1´ pq2 logp1´ pq ` op1{L2q „

´2ap1´ pq2 logp1´ pq
?
πS
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Boolean model of cylinders in 3D (Gille, 1989)
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